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Summary
The calculation of photothermal response detected by a
photothermal microscope is presented. By using a technique
based on Green’s functions and integral transforms, a model
for laser-induced temperature distribution functions has
been derived. The mathematical method for solution of
inverse problem is proposed. It suggests that photothermal
microscopy, besides imaging subsurface of solids, has
the potential for quantitative thermal analysis of various
samples.
Introduction
There are several thermal microscopy techniques that
produce thermal contrast imaging associated with variations
in the thermal properties of a sample, such as thermal
conductivity, specific heat, thermal diffusivity and thermal
expansion (Gmelin et al., 1998). Someof these techniques, like
photothermal microscopy (PTM), use an intensity-modulated
laser beam to generate time-dependent heat flow inside the
sample (Rosencwaig, 1982). In PTM, the thermal waves
scattered from subsurface inhomogeneities can subsequently
be detected using direct or indirect measurement of resultant
temperature changes of the sample surfaces. For example, it is
possible tomonitor infrared radiation emitted from the heated
sample, or the deflection of a probe laser beam traversing
the heated gaseous layer just above the sample surface
(mirage effect). Interferometric detection of the thermoelastic
displacement of the surface or gas-microphone photoacoustic
detection could also be used. Alternatively, thermoacoustic
signals generated in the bulk are detected using piezoelec-
tric sensors. Various methods of detection of thermal waves
are summarized in Cretin (1999).
A scanning mechanism incorporated in PTM enables
obtaining of spatial temperature mapping and imaging of
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the lateral distribution of the optical absorption and thermal
properties within a sample with a resolution that is limited
by the wavelength of thermal waves. In practice, this varies
fromabout 100nmupwards, with an imaging depth typically
somewhat greater (Ippolito et al., 2004).
TypicalapplicationsofPTmicroscopyinclude investigations
of ceramics, laminates, compound, coated surfaces and
structured semi-conductors with pattern sizes from the
millimeter to the sub-micrometre range (Grice et al., 1983),
detection of fatigue crack in metals or fractures in brittle
solids. These techniques have also been implemented onto
imaging of photo-structured polymer channel waveguides,
and to image refractive index pattern in polymeric integrated
optical devices (Kreiter et al., 1999). Besides, the use of PTM
for visualizing the internal structure of soft biological tissues
is currently attracting much more attention (Beard & Mills,
1997). A broad range of potential applications has emerged,
includingdetectionofbreast, skinandoralcancerandvascular
applications such as imaging of superficial blood vessels and
the characterization of arterial tissues (Hoelan et al., 1998).
A key advantage of this technique is that it exploits the
strong optical contrast of tissues, enabling differentiation of
anatomical features that would be indistinguishable using
other radiological modalities.
In previous employment, the final goal of using PTM was
to obtain information about the location and the shape
of inhomogeneities from recorded images. In addition, this
microscopic technique could be used for spatially localized
thermal analysis. It requires both the detailed theoretical
treatment of the physical mechanism of the PTM signal
formation and the development of mathematical technique
for reconstruction of thermal and optical properties from PTM
images corresponding to the solution of the inverse problem.
Inthispaper,adetailed theoreticaldescriptionof thethermal
wave propagation in the three dimensions is presented. By
using a technique based on Green’s function and integral
transformations, the model for laser-induced temperature
distribution functions is derived. The mathematical method
for solving the inverse problem is proposed.
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Theoretical consideration
Thermal wave propagation across the environment and the
sample irradiated by a modulated laser beam perpendicular
to the sample surface has been mathematically described in
cylindrical geometry by a set of hyperbolic partial differential
equations of heat conductions (Joseph & Preziosi, 1989;
Galovic & Kostoski, 2003):
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Here, P is the power of laser beam, η is radiation-to-heat
conversion efficiency and a is the 1/e2 radius of the Gaussian
pump beam.
For the sake of simplicity, it is assumed that all three
regions – air, sample and backing – extend to infinity in
the radial direction. The temperature and heat flux must be
continuous across the area boundaries and the temperature
vanishes far from the sample. The initial conditions are zero.
The problem of photothermal wave propagation described
by partial differential equations (Eqs (1)–(3)) with the
mentioned boundary and zero initial conditions have been
reduced to the system of ordinary differential equations by
both Hankel and Laplace transforms. Symbols λ and p denote
integration variables in the Hankel and Laplace transforms,
respectively.
The reduced set of differential equations was solved for
f (t) = δ(t), that is the Green functions method is applied
(Rickayzen, 1980). The general solutions for the Green
functions Gii = a , s, b in the complex space (λ, p) can be
written as:
Ga (λ, z, p) = A1(λ, p) exp(−
a z) (4)
G s(λ, z, p) = A2(λ, p) exp(
a z)
+A3(λ, p) exp(−
a z) − K (λ, p) exp(γ z)
(5)
Gb (λ, z, p) = A4(λ, p) exp(
a (z + l)), (6)
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The coefficients A1–A4 were determined by using the
boundary conditions:
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where ri = Zcs/Zci, i = a , b, Zci = (1 + τ i p)/ki 
i , i = a , s, b
and r = γ /
s .
For any type of modulation, the temperature distributions
couldbeobtained fromtheknownGreenfunctions (Rickayzen,
1980).
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where G i(λ, z, t) is inverse Laplace transform of Green
functions given by Eqs (4)–(6):
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Finally, the temperature distributions for different regions are
obtained by taking the inverse Hankel transform of Eq. (13):
ϑi (r , z, t) =
∞∫
0
ϑi (λ, z, t)J0(λr )λ dλ, (15)
where J 0(λr ) is the zero-order Bessel function of the first kind.
Surface temperature variations in (r, t) domain, which are
proportional to photothermal responses, could be obtained
from Eqs. (4) and (13)–(15):
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Fig. 1. The temperature distribution (a) in radial direction for axial coordinate z=0, for twomodulation frequencies, 10 and 100Hz, and for two different
media, Si and Ge; (b) in axial direction within Ge sample for radial coordinate r = 0 and for three different modulation frequencies, 10, 100 and 1000 Hz.
ϑs (r ,0, t) =
∞∫
0
ϑs (λ,0, t)J0(λr )λ dλ. (17)
Results and discussion
The derived model shows that thermal properties of both the
sample and environment affect the PT response, meaning
that the information of all these properties is contained in
the recorded image. But, as it could be concluded from
the model, the influence of the sample thermal and optical
properties on the PTM response is very complex. In addition,
the temperature variations on the sample surfaces, Eqs. (16),
(17), could not be expressed in a closed form, and they should
be evaluated numerically in order to analyze the influence
of thermal and optical properties of the sample on the PTM
signal.
In the numerical evaluation, it is assumed that the incident
beam is harmonically modulated. Surface temperature
variationswerecalculated forvarioussemi-conductorsamples
(Si, Ge) and for various values of modulation frequency. The
following air and backing thermal properties are used: ka =
0.025WmK−1, DTa = 1938 × 10−8 m2s−1, kb = 30WmK−1,
DTb = 3.413 × 10−8 m2s−1.
As regards the local thermal analyses, the most interesting
result is the following: the heat does not propagate very
much beyond the extent of the pump beam in the x–y
plane if the thermal diffusive length is smaller than the
radius of the laser beam (Fig. 1(a)). Its value depends
on modulation frequency (Smallwood et al., 2002). If the
modulation frequency increases, the thermal diffusive length
decreases. It means that in a high-frequency range, optically
induced heat flow could be considered as one-dimensional. In
that case, inverse photothermal problem becomes solvable. A
few algorithms could be found in the literature (Rosencwaig &
Gersho, 1976; Lan et al., 1995; Aleshin & Vysloukh, 1997).
The shifting of the modulation frequency upwards is
convenient not only for localized thermal investigations of the
sample but also for the increasing of the spatial resolution
of PTM and improving of the signal-to-noise ratio in the
measured response. However, the larger the modulation
frequency, the smaller the depth z inwhich thermalwaves are
not significantly damped (Fig. 1(b)). Besides, our evaluations
also showthat themeasuredsignaldecreases if themodulation
frequency increases (Fig. 1(a)). Therefore, the choice of
modulation frequency is limited by both the values of surface
thermal changes that could be measured and the maximum
desired depth of the sample that is imaged.
Conclusion
The calculations of surface temperature variations
proportional to the responses detected by a PT microscope
are presented. The derived model shows that the information
about the values of local thermal and optical properties
of both the sample and the backing are contained in
the PT micrograph, but quantitative determination of
these properties is achievable in a high frequency range.
The frequency range that is needed for solving one-
dimensional inverse problem could be undesirable as far as
the measurement of temperature changes and imaging depth
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in some material systems is concerned. In these cases, further
investigations are necessary.Nevertheless, our results suggest
that besides imaging the subsurface of solids, PT microscopy
has a potential for quantitative thermal analysis of various
samples.
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